Strongly hyperbolically convex functions  by Cruz, Lorena & Mejía, Diego
J. Math. Anal. Appl. 335 (2007) 1403–1415
www.elsevier.com/locate/jmaa
Strongly hyperbolically convex functions
Lorena Cruz a,1, Diego Mejía b,∗,2
a Escuela de Matemáticas, Universidad Industrial de Santander, Bucaramanga, Colombia
b Escuela de Matemáticas, Universidad Nacional de Colombia, A. A. 3840 Medellín, Colombia
Received 1 December 2006
Available online 15 February 2007
Submitted by Steven G. Krantz
Abstract
Let C(w1,w2,w3) denote the circle in Ĉ through w1,w2,w3 and let ŵ1w2 denote one of the two arcs
between w1,w2 belonging to C(w1,w2,w3). We prove that a domain Ω in the Riemann sphere, with no
antipodal points, is spherically convex if and only if for any w1,w2,w3 ∈ Ω , with w1 = w2, the arc ŵ1w2
of the circle C(w1,w2,−1/w3 ) which does not contain −1/w3 lies in Ω . Based on this characterization
we call a domain G in the unit disk D, strongly hyperbolically convex if for any w1,w2,w3 ∈ G, with
w1 = w2, the arc ŵ1w2 in D of the circle C(w1,w2,1/w3 ) is also contained in G. A number of results on
conformal maps onto strongly hyperbolically convex domains are obtained.
© 2007 Elsevier Inc. All rights reserved.
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1. Introduction
Let D be the unit disk in C. We recall that a domain Ω on the Riemann sphere Ĉ is called
spherically convex if, for any w1,w2 ∈ G, the smaller arc of the greatest circle between w1 and
w2 also lies in Ω .
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domain in C. A meromorphic univalent function h in D is called spherically convex if h(D) is a
spherically convex domain in Ĉ.
Let Rot( Ĉ ) denote the group of rotations of the Riemann sphere Ĉ that consists of the Möbius
transformations
ϕ(z) = eiϑ (z − a)/(1 + az), a ∈ C, ϑ ∈ R,
together with ϕ(z) = eiϑ/z.
Mejía and Pommerenke [7], by further developing an idea of Ma, Mejía and Minda [1] on
how to reduce the study of spherically convex functions to that of euclidean convex functions,
obtained a characterization of these mappings. We present here a version of their result omitting
the proof, since the argument would be, in essence, the same as the original one.
We use, for convenience, the following notation: let w1,w2,w3 ∈ Ĉ. Then C(w1,w2,w3) will
denote the circle through w1,w2,w3 and ŵ1w2 will denote one of the two arcs between w1,w2
belonging to C(w1,w2,w3).
Proposition 1. (See [7, Theorem 1].) Let Ω be a domain in Ĉ without antipodal points, and let
0 ∈ Ω . Ω is spherically convex if and only if for each w ∈ Ω , the domain gw(Ω) is euclidean
convex in C, where gw(z) = z/(1 + wz).
Proposition 1 can be used to give an alternative characterization of spherical convexity. We
will show in Theorem 3 that a domain Ω in the Riemann sphere, with no antipodal points, is
spherically convex if and only if the following condition holds:
(A) For any w1,w2,w3 ∈ Ω , with w1 = w2, the arc ŵ1w2 of the circle C(w1,w2,−1/w3)
which does not contain −1/w3 lies in Ω .
Condition (A) makes no mention of spherical geodesics and is invariant under Rot( Ĉ ) since
σ(−1/w ) = −1/σ(w) for all σ ∈ Rot( Ĉ ) and w ∈ Ĉ.
Theorem 3 leads naturally to a search for an analog of condition (A) in the context of the
hyperbolic geometry of the unit disk. With this in mind we give the following definition.
Definition 2. A domain G in D is called strongly hyperbolically convex if it has the following
property:
(B) For any w1,w2,w3 ∈ G, with w1 = w2, the arc ŵ1w2 in D of the circle C(w1,w2,1/w3 ) is
also contained in G. A conformal map f :D → D is strongly hyperbolically convex if f (D)
is a strongly hyperbolically convex domain.
Property (B) is invariant under the group
Möb(D) = {τ(z) = eiϑ (z − a)/(1 − az): a ∈ D, ϑ ∈ R}
of conformal self maps of the unit disk since, for any τ ∈ Möb(D) and w ∈ D we have τ(1/w ) =
1/τ(w). Therefore every strongly hyperbolically convex function can be normalized in the form
f (z) = αz + a2z2 + a3z3 + · · · , 0 < α  1. (1.1)
The notion of strong hyperbolic convexity is certainly more restrictive than that of hyperbolic
convexity but less restrictive than hyperbolic 2-convexity [6]. Recall that a region G in D is called
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z1 and z2 also lies in G. A domain G ⊂ D is hyperbolically 2-convex if, for any z1, z2 ∈ D the
shortest arcs of the two horocycles determined by z1 and z2 also lie in G. Moreover, strongly
hyperbolically convex domains with the origin inside are euclidean convex and, if the domain is
symmetric about the origin, then it is spherically convex and vice versa. We prove these facts in
Proposition 4.
A basic idea of the paper is to reduce the study of strongly hyperbolically convex functions
to that of euclidean convex functions. This method was first introduced by Ma, Mejía and Minda
[1,2] in the context of euclidean, hyperbolic and spherical k-convexity, and further developed
by Mejía and Pommerenke [7], and by Ma, Mejía and Minda [3]. The reduction is done in
Section 3 where we also study those strongly hyperbolically convex domains whose boundaries
meet T. It turns out that the boundary of a strongly hyperbolically convex domain different
from D cannot intersect T at more than two points (Theorem 7), and that some crescent-shaped
domains (domains bounded by two different arcs of constant hyperbolic curvature κ) are the
only strongly hyperbolically convex domains with boundaries that meet T at precisely two points
(Theorem 9).
Strongly hyperbolically convex functions behave in many aspects like spherically convex
functions. In fact, known results on these mappings are fundamental to prove theorems in the
present paper. For instance, with the help of a result of Minda [8] we obtain in Section 4 an
upper bound for the hyperbolic derivative of a strongly hyperbolically convex function with the
property that the image domain assumes inside the maximum value of the hyperbolic distance
from its interior points to the boundary. This bound produces a covering theorem for almost the
entire class of strongly hyperbolically convex functions normalized at the origin as in (1.1).
The main result in Section 5 is Theorem 15, where we show the analog for strongly hyperboli-
cally convex functions of Wirths inequality [15] for spherically convex functions. But in contrast
to the spherical case, our inequality does not contain relevant information about the second coef-
ficient of the Taylor expansion at the origin.
Section 6 deals with the central normalization of strongly hyperbolically convex functions.
We show in Theorem 16 that with some exceptions a strongly hyperbolically convex function f
can be centrally normalized as:
f (z) = αz + a3z3 + · · · (1.2)
where
α = ρ(f ) = max
z∈D
(
1 − |z|2) |f ′(z)|
1 − |f (z)|2 . (1.3)
We finish this introduction by recalling some basic facts about hyperbolic geometry. The
hyperbolic metric on D is ρD(z)|dz| = |dz|/(1 − |z|2); it has Gaussian curvature −4. The hyper-
bolic distance between z1, z2 ∈ D is defined by
λ(z1, z2) = inf
C
∫
C
1
1 − |z|2 |dz|
where the infimum is taken over all curves C in D from z1 to z2. The infimum is actually a
minimum uniquely attained for the arc Γ of the circle orthogonal to T between z1 and z2. This
arc is called the hyperbolic geodesic joining z1 and z2. The hyperbolic distance is invariant under
Möb(D) and the explicit formula is
λ(z1, z2) = arctanh
∣∣∣∣ z2 − z1
∣∣∣∣.1 − z1z2
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tangent. Suppose that Γ is parametrized by z := z(t), t ∈ I , where I is an interval on the real
line. The (signed ) hyperbolic curvature κh(z,Γ ) of Γ at z is (see [5, p. 84])
κh(z,Γ ) =
(
1 − |z|2)κe(z,Γ )+ 2 Im{z(t)z′(t)|z′(t)|
}
where κe(z,Γ ) is the euclidean curvature of Γ at z. Note that hyperbolic and euclidean
curvatures coincide at the origin. Hyperbolic curvature is invariant under Möb(D); that is,
κh(τ (z), τ ◦ Γ ) = κh(z,Γ ) for any τ ∈ Möb(D). The arcs of constant hyperbolic curvature are
precisely subarcs of circular arcs. Moreover, hyperbolic geodesics have hyperbolic curvature 0,
horocycles have hyperbolic curvature 2, and subarcs of circles that meet T at two points have hy-
perbolic curvature in [0,2); full circles inside D have hyperbolic curvature strictly larger than 2.
For a hyperbolic simply connected region G in C (that is, a simply connected region whose
complement with respect to C contains at least two points) the density of the hyperbolic metric
ρG(w)|dw| is determined by(
1 − |z|2)∣∣f ′(z)∣∣= 1
ρG(f (z))
where f is any conformal map from D onto G. This definition is independent of the choice of
the conformal map. The hyperbolic metric satisfies the monotonicity property: if Ω ⊂ G then
ρG(w) ρΩ(w) for w ∈ Ω with equality if and only if Ω = G.
2. Spherical and strong hyperbolic convexity
We begin this section with an alternative characterization of spherical convexity which is the
motivation of this paper.
Theorem 3. Let Ω be a domain in Ĉ without antipodal points. Ω is spherically convex if and
only if the following condition holds:
(A) For any w1,w2,w3 ∈ Ω , with w1 = w2, the arc ŵ1w2 of the circle C(w1,w2,−1/w3 )
which does not contain −1/w3 lies in Ω .
Proof. Condition (A) is invariant under Rot( Ĉ ) since σ(−1/w ) = −1/σ(w) for all σ ∈ Rot( Ĉ )
and w ∈ Ĉ. Thus, we can assume that 0 ∈ Ω in which case ∞ /∈ Ω .
(a) Suppose first that Ω is spherically convex. Let w1,w2,w3 ∈ Ω , with w1 = w2, and g(z) =
z/(1 + w3z). The image under g of the circle C(w1,w2,−1/w3 ) is an euclidean line through
g(w1) and g(w2). Proposition 1 gives that the euclidean line segment between g(w1) and g(w2)
is contained in g(Ω). Therefore, the arc ŵ1w2 of the circle C(w1,w2,−1/w3 ) which does not
contain −1/w3 lies in Ω .
(b) Now, suppose that Ω verifies condition (A). Let w ∈ Ω,gw(z) = z/(1 + wz), and ζ1, ζ2
be different points in gw(Ω). By hypothesis the arc between w1 = g−1w (ζ1) and w2 = g−1w (ζ2) of
the circle C(w1,w2,−1/w ) which does not contain −1/w lies in Ω . Hence, its image under gw ,
i.e. the euclidean line segment between ζ1 and ζ2, is contained in gw(Ω). This proves that gw(Ω)
is euclidean convex. Proposition 1 now gives that Ω is spherically convex. 
The notion of strong hyperbolic convexity is more restrictive than hyperbolic convexity. If we
take w3 = w1 in Definition 2 we see that the hyperbolic geodesic between w1 and w2 lies in
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Moreover, if 0 ∈ G, by taking w3 = 0 we observe that the euclidean line segment between w1
and w2 lies in G which implies that G is euclidean convex in this particular case.
We also notice that if G is a domain in D symmetric about the origin then it is strongly
hyperbolically convex if and only if it is spherically convex. For the necessity let w1,w2,w3 ∈ G,
with w1 = w2. The symmetry of G about the origin implies that −w3 ∈ G, and therefore the arc
ŵ1w2 in D of the circle C(w1,w2,1/−w3 ) = C(w1,w2,−1/w3 ) is inside G. It follows from
Theorem 3 that G is spherically convex. The other implication is equally simple and we omit the
details.
A conformal map from D into D is called hyperbolically 2-convex if its range is a hyper-
bolically 2-convex region. In [3] the authors extensively investigate hyperbolically 2-convex
functions. Their Theorem 3.1 together with Theorem 1 in [7], and our Theorem 5 in Section 3
gives that hyperbolically 2-convex functions are both spherically and strongly hyperbolically
convex (the reader should be aware that in the present paper the hyperbolic metric is normalized
to have Gaussian curvature −4).
This result can also be obtained rather easily as follows. First we note that any positively
oriented arc in D belonging to a circle that intersects T at more than one point has hyperbolic
curvature strictly less than 2 and bigger or equal than 0. Suppose now that Δ is a hyperboli-
cally 2-convex region in D and let z1, z2, z3 ∈ Δ, with z1 = z2. Since the shortest arcs of the
two horocycles determined by z1 and z2 have hyperbolic curvature 2, they have to bound a
region that encloses all the arcs between z1 and z2 with hyperbolic curvature in [0,2). In par-
ticular, that region encloses not only the euclidean segment between z1 and z2, proving that Δ
is euclidean convex, but also the arcs in D between z1 and z2 of the circles C(z1, z2,1/z3) and
C(z1, z2,−1/z3), since 1/z3 and −1/z3 lie outside D. We may also conclude by Theorem 3 and
Definition 2 that Δ is spherically convex and strongly hyperbolically convex.
We summarize the above discussion in the following proposition.
Proposition 4. Let G be a domain in D.
(i) If G is strongly hyperbolically convex then it is hyperbolically convex. Moreover, if 0 ∈ G,
then G is euclidean convex.
(ii) If G is symmetric about the origin, then G is strongly hyperbolically convex if and only if it
is spherically convex.
(iii) If G is hyperbolically 2-convex then it is euclidean convex, spherically convex and strongly
hyperbolically convex.
In the rest of the paper we will frequently write “h-convex,” “s-convex,” and “sh-convex” in
place of “hyperbolically convex,” “spherically convex,” and “strongly hyperbolically convex.”
Also “convex” will mean “euclidean convex.”
3. Reduction to euclidean convexity
We use a method first introduced by Ma, Mejía and Minda [1,2] in the context of euclid-
ean, hyperbolic and spherical k-convexity. It was further developed by Mejía and Pommerenke
[7], and by Ma, Mejía and Minda [3]. The method allows us to reduce the study of sh-convex
functions to that of convex functions.
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gw(z) = z/(1 −wz) and fw(z) = (z −w)/(1 −wz). Then, the following statements are equiva-
lent:
(i) f is sh-convex.
(ii) gw ◦ f is convex for every w ∈ f (D).
(iii) fw ◦ f is convex for every w ∈ f (D) ∩ D.
Proof. (a) First we prove the equivalence between (i) and (ii). Suppose that f is sh-convex and
let G = f (D). Fix w ∈ G and let ζ1, ζ2 be different points in gw(G). The arc A in D between
w1 = g−1w (ζ1) and w2 = g−1w (ζ2) of the circle C(w1,w2,1/w ) lies in G. Since gw(1/w ) = ∞
it follows that gw(A) is the euclidean segment between ζ1 and ζ2. Hence, gw(G) is convex. The
general case follows by a normal family argument.
Conversely, suppose that gw ◦ f is convex for all w ∈ f (D). Let z1, z2, z3 ∈ G = f (D), with
z1 = z2, and let Γ be the arc ẑ1z2 in D of the circle C(z1, z2,1/z3). Then, gz3(Γ ) is the euclidean
segment between gz3(z1) and gz3(z2) which is contained in gz3(G). Therefore Γ ⊂ G and G is
sh-convex.
(b) The equivalence between (ii) and (iii) can be deduced from the following: if w ∈ f (D)∩D
and ψ(ζ ) = (ζ +w)/(1 −|w|2), then ψ ∈ Möb(C) (the group of conformal self maps of C), and
(ψ ◦ fw)(z) = (z −w)/(1 − wz) +w1 − |w|2 =
z
1 − wz = gw(z). 
The rest of the section is devoted to study sh-convex domains whose boundaries meet T.
Lemma 6. Let G be an sh-convex domain. Then, for any three different points w1,w2,w3 ∈ G
the arc in D between w1 and w2 of the circle C(w1,w2,1/w3) lies in G.
Proof. Fix three different points w1,w2,w3 ∈ G and a conformal map f from D onto G. From
Theorem 5(ii) the function h = gw3 ◦ f = f/(1 − w3f ) is convex. Note that the euclidean seg-
ment between gw3(w1) and gw3(w2) is the image under gw3 of the arc A = ŵ1w2 in D of the
circle C(w1,w2,1/w3 ) which does not contain 1/w3. The convexity of h(D) implies that this
segment lies inside gw3(G), and hence A ⊂ G. 
Theorem 7. Let G be an sh-convex domain in D. If T ∩ ∂G contains at least three different
points, then G = D.
Proof. Suppose that w1,w2 and w3 are three distinct points of T ∩ ∂G. Since 1/w3 = w3 it
follows from Lemma 6 that the arc ŵ1w2 of the unit circle which does not contain w3 lies
inside G. Likewise the other arcs of T, ŵ1w3 and ŵ2w3 are also contained in G. Thus, ∂G = T
and therefore G = D. 
From now on, for a domain G ⊂ D, let dG(z) denote the hyperbolic distance from z to ∂G.
Lemma 8 (Supporting Circle Lemma). Suppose that G is an sh-convex domain different from D.
Let w ∈ G and ζ ∈ ∂G such that λ(w, ζ ) = dG(w). If Γ1 is the hyperbolic geodesic determined
by w and ζ , Γ2 is the hyperbolic geodesic orthogonal to Γ1 at w, and A is the circle passing
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contains w in its interior.
This result refines a general property of h-convex regions which admit supporting hyperbolic
lines at the boundary. Our supporting circles have hyperbolic curvature in the open interval (0,2).
Proof. Let τ ∈ Möb(D) be such that τ(w) = 0 and τ(ζ ) = a > 0. Then A = τ−1(A′), where A′
is the arc in D of the circle C = C(−i, a, i). Note that −a ∈ τ(G) ∩ D since the image under τ
of the hyperbolic disk centered at w and hyperbolic radius λ(w, ζ ) is the euclidean disk centered
at 0 and radius a. Define f−a(z) = (z + a)/(1 + az). By Theorem 5(iii), f−a(τ (G)) is convex.
Since −1/a belongs to C, then L = f−a(A′) is an euclidean line segment. The convexity of
f−a(τ (G)) implies that this region is contained inside the domain of D bounded by L, and with
0 in its interior. Therefore G is contained in the domain of D bounded by A and with w in its
interior. 
A region G ⊂ D will be called a crescent-shaped domain if ∂G consists of two different arcs
of constant hyperbolic curvature κ > 0. We observe that every crescent-shaped domain can be
obtained from a canonical lens-shaped domain via a Möb(D) transformation. By a canonical
lens-shaped domain we mean a simply connected domain in D symmetric about the origin, and
bounded by two circular arcs of constant hyperbolic curvature κ > 0. Proposition 4 yields that
every crescent-shaped domain is sh-convex.
Theorem 9. Let G be an sh-convex domain such that T∩ ∂G consists of exactly two points. Then
G is a crescent-shaped domain.
Proof. (a) Since the concepts involved are invariant under Möb(D) we may assume that T ∩
∂G = {−1,1}. The hyperbolic convexity of G implies that the diameter (−1,1) lies completely
in ∂G or in G. We show first the validity of the second option. Fix an arbitrary x ∈ (−1,1) and
define fx(z) = (z − x)/(1 − xz). Select any w ∈ fx(G) with w = 0. Lemma 6 gives that the arc
Γ in D between −1 and 1 of the circle C(−1,1,1/w ) lies in fx(G). Note that −w ∈ Γ . Since
fx(G) is h-convex it follows that the hyperbolic line segment between −w and w lies totally
inside fx(G). Thus 0 ∈ fx(G) and hence x ∈ G.
(b) Now, select ζ ∈ ∂G such that λ(0, ζ ) = dG(0). Let A be the circle passing through ζ given
by the Supporting Circle Lemma and let H be the domain in D bounded by A that contains
0 in its in interior. Then G ⊂ H . The point ζ lies on the imaginary axis since by part (a) the
open segment (−1,1) is contained in G. We can assume that Im ζ > 0. Then A is the arc in
{z ∈ D: Im z > 0} between −1 and 1 of the greatest circle C(−1, ζ,1). Note that these three
points lie on ∂G. So, by Lemma 6 the arc A lies in G. But none of the points of this arc can lie
inside G because G ⊂ H . Therefore A ⊂ ∂G.
(c) Finally, it is clear that −ζ ∈ G. However, the choice −ζ ∈ G would imply the existence of
a point −ζ˜ ∈ G on the imaginary axis with Im ζ˜ > Im ζ . Then, it would follow that the arc in D
between −1 and 1 of the circle C(−1, ζ,1/(−¯˜ζ )) lies in G which yields a contradiction because
ζ˜ is on this arc and G ⊂ H . Thus, −ζ ∈ ∂G. Now we can argue as in part (b) to show that the
arc in D passing through the points −1,−ζ and 1 lies on ∂G. Thus, G is a crescent-shaped
domain. 
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4. Upper bound for the hyperbolic derivative
Let M > 0 and D = {z: |z| < tanhM}. Consider the family F of circular arcs in D of hyper-
bolic curvature 4 tanhM/(1+ tanh2 M), and having the property that the full circles are internally
tangent to ∂D. Each of this circular arcs has euclidean radius (1 + tanh2 M)/(2 tanhM) and will
meet T in diametrically opposite points so that it is part of a great circle on Ĉ. The proof of
Theorem 2 in [8, p. 136] includes the following result.
Proposition 11. Let M > 0 and let Δ be a spherical triangle bounded by three different arcs
of F. Then(
1 − |z|2)ρΔ(z) > π4 1arctan(tanhM) (4.1)
for all z ∈ Δ.
For each M > 0 let α be the unique number in (0,1) such that α = (4/π) arctan(tanhM). The
sh-function
hα(z) = (1 + z)
α − (1 − z)α
(1 + z)α + (1 − z)α = αz +
α
3
(
1 − α2)z3 + · · · (4.2)
maps D conformally onto the symmetric crescent-shaped domain ΩM bounded by the two cir-
cular arcs that meet at ±1 under the angle πα. In terms of α, each of these arcs has euclidean
radius cosec(πα/2), it is internally tangent to {z ∈ D: |z| = tan(πα/4)} at ±i tan(πα/4) and it
has hyperbolic curvature 2 sin(πα/2). The function (4.2) plays a significant role in the study
of s-convex functions. See [8, p. 133] for a detailed study. It can be used to find the hyperbolic
metric ρΩM (z)|dz| in ΩM . The density of this metric is given by
ρΩM (z) =
1
α|1 − z2| cos[ 1
α
arctan( 2 Im z1−|z|2 )]
(z ∈ ΩM), (4.3)
and satisfies [8, p. 134](
1 − |z|2)ρΩM (z) π4 1arctan(tanhM), (4.4)
with equality if and only if z ∈ (−1,1).
Theorem 12. Let f be sh-convex such that M = sup{df (D)(f (z))} is assumed inside f (D). Then
the hyperbolic derivative satisfies(
1 − |z|2) |f ′(z)|
1 − |f (z)|2 
4
π
arctan(tanhM) for z ∈ D. (4.5)
Equality holds at a point if and only if f (D) = τ(ΩM) for some τ ∈ Möb(D) in which case the
equality is attained at all points z ∈ f−1(τ (−1,1)).
This upper bound for the hyperbolic derivative of sh-convex regions is in essence a result
of Minda for s-convex functions (see [8, Theorem 3]). We point out that the value M need
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is the sh-convex mapping given by (4.2). For any w ∈ f (D) ⊂ hα(D), Theorem 5 gives that
gw ◦ hα = hα/(1 − whα) is convex. A result of Study [14] (see also [9, p. 257]) implies that
(gw ◦ hα)((1 + z)/2) is convex which in turn yields that f is sh-convex by Theorem 5. Yet, the
value arctanh(tan(πα/4)) = sup{df (D)(f (z))} is not taken in the interior of f (D).
Proof. Let G = f (D). By hypothesis there exists w0 ∈ G with dG(w0) = M . Since all the quan-
tities involved are invariant under Möb(D) we may assume that w0 = 0. The set I = {w ∈ ∂G:
|w| = tanhM} is nonempty and closed, and cannot be contained in a closed subarc of
C = {w: |w| = tanhM} with angular length strictly less than π (see [6, p. 139]). We consider
two cases. First, suppose that I is contained in a closed subarc of C with angular length exactly
equal to π . So, I contains a pair of points which are diametrically opposite. By rotating G about
the origin we may assume that these two points are ±i tanhM . The Supporting Circle Lemma
gives that G ⊂ ΩM . Therefore, by the monotonicity property of the hyperbolic metric and (4.4)
we get(
1 − |z|2) |f ′(z)|
1 − |f (z)|2 =
1
(1 − |f (z)|2)ρG(f (z))
 1
(1 − |f (z)|2)ρΩM (f (z))
 4
π
arctan(tanhM),
and the inequality between the extremes is strict unless G = ΩM in which case the equality holds
precisely at all points z ∈ f−1(−1,1).
The second case occurs when I is not contained in any closed subarc of C with angular
length π . Then, there are three points in I which divide the circle C in three subarcs each one
with angular length strictly less than π . Let Δ be the spherical triangle bounded by the three
greatest circles internally tangent to C at these three points. The Supporting Circle Lemma gives
now that G ⊂ Δ. From (4.1) and the monotonicity property of the hyperbolic metric we obtain
as in the previous case the desired strict inequality. 
Corollary 13. Let f = αz+ · · · be sh-convex such that M = sup{df (D)(f (z))} is assumed inside
f (D). Then f (D) contains a hyperbolic disk of radius  arctanh(tan(πα/4)). The equality is
attained if and only if f (z) = e−iϑhα(eiϑz) for some ϑ ∈ R.
Proof. Let G = f (D) and M = sup{dG(f (z)): z ∈ D}. We may suppose that M 
arctanh(tan(πα/4)). It follows from (4.5) that
α  4
π
arctan(tanhM).
Hence M  arctanh(tan(πα/4)). Therefore M = arctanh(tan(πα/4)), which means that the
equality in (4.5) is attained at the origin. In this situation Theorem 12 gives that G is a rota-
tion of ΩM or f (z) = e−iϑhα(eiϑz) for some ϑ ∈ R. 
5. The Schwarzian derivative
It is known that a locally univalent analytic function g in D is convex if and only if (see [12]
and [13])
Re
[
ζ + z − 2zg
′(z) ]
> 0 for z, ζ ∈ D. (5.1)ζ − z g(ζ )− g(z)
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if for each w ∈ f (D)
Re
[
ζ + z
ζ − z −
2zf ′(z)
f (ζ )− f (z)
1 − wf (ζ )
1 − wf (z)
]
> 0 for z, ζ ∈ D. (5.2)
The corresponding result for spherically convex functions [7, Theorem 2] has important con-
sequences (see also [3, Theorem 4.1]). The proof is immediate from (5.1) applied to the function
gw ◦ f of Theorem 5(ii).
The limit case as ζ → z in (5.2) is the inequality
Re
[
1 + zf
′′(z)
f ′(z)
+ 2zwf
′(z)
1 − wf (z)
]
> 0 for z ∈ D, (5.3)
which characterizes hyperbolically convex functions with the special choice w = f (z) [5, Theo-
rem 3].
Wirths [15, p. 49] (see also [4, p. 158]) proved a remarkable inequality for s-convex func-
tions involving the Schwarzian derivative Sf = (f ′′/f ′)′ − (1/2)(f ′′/f ′)2. Next we will show
an analogous result for sh-convex functions.
Theorem 15. If f is sh-convex, then for z ∈ D
(
1 − |z|2)2∣∣Sf (z)∣∣+ 12
∣∣∣∣(1 − |z|2)f ′′(z)f ′(z) − 2z + 2 (1 − |z|
2)f (z)f ′(z)
1 − |f (z)|2
∣∣∣∣2
+ 2 (1 − |z|
2)2|f ′(z)|2
(1 − |f (z)|2)2  2. (5.4)
The corresponding inequality for s-convex mappings actually characterizes this family of
functions [4]. Note that the special choice z = 0 in the case of the normalized sh-convex func-
tions as in (1.1) has the same form of Wirths inequality. However, (5.4) gives a poor estimate
for the second coefficient of the Taylor expansion about the origin, contrary to the spherical case
where the estimate is sharp. Nevertheless, equality holds in (5.4) at z = 0 for the function hα
of (4.2).
Proof. The left-hand side of (5.4) remains invariant if we replace f by σ ◦ f ◦ τ , with
σ, τ ∈ Möb(D) (see for instance [3, p. 187]). Hence, it is sufficient to prove (5.4) for f nor-
malized as in (1.1) at z = 0, that is to prove the inequality
3
∣∣∣∣a3α − a
2
2
α2
∣∣∣∣+ |a2|2α2 + α2  1. (5.5)
The argument to prove (5.5) is essentially the same as that given in [7, Theorem 6].
Let ζ ∈ T, and define pζ by
pζ (z) = 1 + zf
′′(z)
f ′(z)
+ 2zf
′(z)f (ζ z)
1 − f (z)f (ζ z) = 1 + c1z + c2z
2 + · · · for z ∈ D,
where
c1 = 2a2 , c2 = 6a3 −
(
2a2
)2
+ 2ζα2.
α α α
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[10, p. 165]) | 12c2 − 14c21| 1 − 14 |c1|2, so that∣∣∣∣3
(
a3
α
− a
2
2
α2
)
+ ζα2
∣∣∣∣ 1 − |a2|2α2 .
(5.5) now follows by a suitable choice of ζ ∈ T. 
6. Central normalization
It was shown in [7, Theorem 4] that for every s-convex function f the quantity
σ(f ) = max
z∈D
(
1 − |z|2) |f ′(z)|
1 + |f (z)|2 (6.1)
is attained at a unique point in D. The next theorem deals with the analogous situation for sh-
convex functions.
Theorem 16. Let f be sh-convex such that f (D) ⊂ D. Then
ρ(f ) = max
z∈D
(
1 − |z|2) |f ′(z)|
1 − |f (z)|2 (6.2)
is attained at some point z0 ∈ D. The function
h(z) = f (ψ(z)) − f (z0)
1 − f (z0)f (ψ(z))
, (6.3)
where ψ(z) = (z + z0)/(1 + z0z), is sh-convex and satisfies
h(0) = 0, ∣∣h′(0)∣∣= ρ(f ), h′′(0) = 0. (6.4)
Since h(D) = τ(f (D)) with τ ∈ Möb(D), we can attain that f is centrally normalized; that
is,
f (z) = αz + a3z3 + · · · (z ∈ D), (6.5)
with α = ρ(f ).
The value ρ(f ) is not in general achieved inside D for the entire class of sh-convex func-
tions. Take for instance the function fα(z) = αz/(1 − (1 − α)z) which maps D onto a horodisk;
ρ(fα) = 1 and this value is taken at ζ = 1. Even if ρ(f ) is attained inside the unit disk, it could
be taken at more than one point; the function hα of (4.2), takes the value ρ(hα) at any point of
the segment (−1,1).
Proof. The proof follows the lines of [7, Theorem 4]. By the Koebe one-quarter theorem (see
[11, p. 9]) and the hypothesis, the hyperbolic derivative satisfies
1
4
(
1 − |z|2) |f ′(z)|
1 − |f (z)|2 
dist(f (z), ∂f (D))
1 − |f (z)|2  c dist
(
f (z), ∂f (D)
)
for some constant c. We deduce that the maximum in (6.2) is attained at some point z0 ∈ D.
It follows from (6.3) that
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1 − |z|2) |h′(z)|
1 − |h(z)|2 =
(
1 − ∣∣ψ(z)∣∣2) |f ′(ψ(z))|
1 − |f (ψ(z))|2

(
1 − |z0|2
) |f ′(z0)|
1 − |f (z0)|2 =
∣∣h′(0)∣∣ (6.6)
for z ∈ D. Direct calculations show that(
1 − |z|2) 1|h′(0)| |h
′(z)|
1 − |h(z)|2 = 1 + Re
zh′′(0)
h′(0)
+O(|z|2) (6.7)
as z → 0. From (6.6) and (6.7) we may conclude that h′′(0) = 0. 
Theorem 17. Let f be a centrally normalized sh-convex function. Then, for z ∈ D
α
1 + |z|2 
|f ′(z)|
1 − |f (z)|2 
α
1 − |z|2 , (6.8)
tanh
(
α arctan |z|) ∣∣f (z)∣∣ (1 + |z|)α − (1 − |z|)α
(1 + |z|)α + (1 − |z|)α . (6.9)
It follows from (4.2) and (4.4) that the upper bounds are sharp for every value of z ∈ D.
We currently ignore if the lower bounds are sharp. Note that the function hα of (4.2) satisfies the
strict inequality in the lower bounds of (6.8) and (6.9) since (see [7, p. 168])
|h′α(z)|
1 − |hα(z)|2 >
|h′α(z)|
1 + |hα(z)|2 
α
1 + |z|2 ,∣∣hα(z)∣∣ tan(α arctan |z|)> tanh(α arctan |z|)
for all z = 0.
Proof. As in the previous theorem we follow the lines of [7, Theorem 5].
(a) By (5.3) and the normalization of f , the function
pζ (z) = 1 + zf
′′(z)
f ′(z)
+ 2zf
′(z)f (ζ 2z)
1 − f (z)f (ζ 2z)
(z ∈ D)
is analytic for any given ζ ∈ T, and satisfies
Repζ (z) > 0, pζ (0) = 1, p′ζ (0) = 0.
Then, the function (pζ (z) − 1)/(pζ (z) + 1) maps D into D and has a double zero at z = 0.
Therefore |(pζ (z) − 1)/(pζ (z) + 1)|  |z|2. It follows that Repζ (z)  (1 − |z|2)/(1 + |z|2).
We may conclude that, with z = rζ ∈ D,
Re
[
1 + zf
′′(z)
f ′(z)
+ 2zf
′(z)f (z)
1 − |f (z)|2
]
= Repζ (rζ ) 1 − |z|
2
1 + |z|2 .
Hence we have
r
∂
∂r
[
log
(1 + r2)|f ′(rζ )|
1 − |f (rζ )|2
]
= Repζ (rζ ) − 1 − r
2
1 + r2  0
which implies
log
(1 + r2)|f ′(rζ )|
1 − |f (rζ )|2  log
∣∣f ′(0)∣∣.
This proves the lower bound of (6.8).
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(
1 − |z|2) |f ′(z)|
1 − |f (z)|2  ρ(f ) = α
for z ∈ D.
(b) Let C = f−1([0, f (z)]). Then by (6.8)
arctanh
∣∣f (z)∣∣= λ(0, f (z))= ∫
C
|f ′(s)||ds|
1 − |f (s)|2 
∫
C
α|ds|
1 + |s|2  α arctan |z|
which gives the lower bound of (6.9).
The upper estimate in (6.9) is obtained in a similar way using the upper bound of (6.8). 
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